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A Core Equivalence Theorem of an Assignment

Market with Middlemen

Takayuki OISHI®

This study presents a new model of an assignment market with two types of middlemen:
a classical type and a modern type. Classical middlemen such as Mediterranean traders in
the Middle Ages open marketplaces between sellers and buyers, who incur transaction costs
respectively. Modern middlemen such as real estate brokers in housing markets can elimi-
nate transaction costs of sellers and buyers by matching them. The modern middlemen incur
matching cost, whereas the classical middlemen do not. I show that under certain conditions
of cost structure and of the number of the agents the set of all competitive equilibrium al-
locations of the assignment market with middlemen coincides with the core of the corre-
sponding market game. This core equivalence theorem implies that there does not
necessarily exist a competitive equilibrium with transaction via modern (resp. classical)

middlemen even if the transaction costs of each seller and each buyer are sufficiently higher

BT

(resp. lower) than the matching cost of each modern middleman.

1 Introduction

Shapley and Shubik (1972)
competitive

analyzed a
market for indivisible goods,
namely an assignment market, from the view-
point of game theory. In the assignment mar-
ket, each seller owns one unit of indivisible
goods initially and she wants to sell it; and
each buyer wants to purchase at most one
unit of the indivisible goods. Shapley and
Shubik (1972) introduced a market game as-
sociated with the assignment market, and they
showed that the core of this assignment game
is never empty. Furthermore, they showed that
the core coincides with the set of all competi-
tive equilibrium allocations of the assignment
market. These results imply that there always
exists a competitive equilibrium in the assign-

ment market; and the law of one price in the

market holds without considering large coali-
tions in the economy. Many economists have
applied the assignment game to analyses of
markets with indivisible goods such as hous-
ing markets and labor markets, e.g., Shapley
and Shubik (1972), Kaneko (1976, 1982),
Crawford and Knoer (1981), and Kelso and
Crawford (1982).

In the real world, there are also various as-
signment markets with middlemen, e.g., hous-
ing markets with real estate brokers and
intermediate labor markets. Introducing models
different from the assignment market model,
in the existing literature, several researchers
investigate markets for indivisible goods with
middlemen, e.g., Rubinstein and Wolinsky
(1987), Johri and Leach (2002), Yano (2008)
(2009). Rubinstein and
and Johri and Leach

and Blume et al.
Wolinsky (1987)
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(2002) investigated the activity of middlemen
who play a role of matchmakers from the
viewpoint of search theory. Blume et al.
(2009) presented a trading network model in
which each middleman is a market maker.
Yano (2008) incorporated outside competitive
forces of middlemen in his market bargaining
model in order to deal with a certain fairness
in an M&A market.

Although the existing literature gives some
insight into the study of markets with middle-
men, the following important questions may
be still left for us: (i): Do middlemen yield
Pareto-efficient outcomes in competitive equi-
librium? What kind of roles of middlemen, if
any, is related to the efficiency in the mar-
kets?; (ii): Does the law of one price hold in
assignment markets with several types of mid-
dlemen? In order to deal with these questions,
this paper aims to develop the Shapley and
Shubik’s assignment game framework. Using
this new framework, I investigate the relation-
ship between the core and the set of competi-
tive equilibrium allocations associated with
roles of middlemen. A research along this line
would make us better understand the distribu-
tive function of the real markets with middle-
men. In housing markets, for example, real
estate brokers, who can eliminate transaction
costs of house sellers and house buyers by
matching them, make smooth transaction be-
tween the house sellers and the house buyers;
so the role of real estate brokers is important
in both efficiency of house allocations and
price formation. Thus, the price mechanism
associated with roles of middlemen is a cen-
tral part serving the distribution of profits in
markets with middlemen.

Toward the purpose of the present study, I
introduce two types of middlemen and cost
structure into the Shapley and Shubik’s market
consists of

model. The cost structure

transaction costs of both sellers and buyers,
and matching costs of middlemen. Transaction
costs” are regarded as opportunity costs for
transaction including (a): transportation costs,
and (b): costs for measuring quality of goods.
Transaction costs for measuring quality of
goods may be justified by considering the
situation in which each of market participants
knows quality of goods exactly with his op-
portunity costs for measuring it. On the other
hand, matching costs are regarded as opportu-
nity costs for matching agents who search
trading partners, respectively. The present
study deals with a market in which all agents
incur opportunity costs to perform transaction
without time-delay?)

In the present model, the following two
types of middlemen are incorporated, namely,
a classical type and a modern type. By the
classical middlemen, I mean middlemen who
open marketplaces between sellers and buyers.
The underlying situation of the activity of the
classical middlemen is the situation where
there is no marketplace between sellers and
buyers since they cannot trade freely because
of difficulties of transport, politics or religion
and so on. For example, classical middlemen
may be regarded as the Maghribi traders in
the eleventh-century (Grief, 1989), and as
stallholders
Ghana in the twentieth century (McMillan,

in the Makola marketplace in

2002). A profit of a classical middleman is
interpreted as a charge for the use of his mar-
ketplace by sellers and buyers. Unlike classi-
cal middlemen, the modern middlemen play a
role of matchmakers between sellers and buy-
ers. The underlying situation of the activity of
the modern middlemen is the situation where
the modern middlemen can eliminate transac-
tion costs of sellers and buyers by matching
them with his matching cost. A profit of a
modern middleman is

interpreted as a



brokerage fee. The role of the modern mid-
dlemen can be found in real estate brokers
and employment agencies, e.g., Rubinstein and
Wolinsky (1987), Gehring(1993), and Yavas
(1992, 1994). Under the assumption of these
simplified types of middlemen, it would be
casy for us to understand how different roles
of middlemen are related to the existence of
a competitive equilibrium explicitly.

The main results may be summarized as
follows. Consider the case where (i): the sum
of the transaction costs of each seller and
each buyer is relatively higher (resp. lower)
than the matching cost of each modern mid-
and (ii):
(resp. classical) middlemen is not less than

dleman, the number of modern
the number of potential assignments of goods.
The number of potential assignments is given
by the minimum of the number of sellers
(goods) and the number of buyers. Then, the
core of the corresponding market game (i.e.
the three-sided assignment game) coincides
with the set of all competitive equilibrium al-
locations of the market with transaction via
modern (resp. classical) middlemen. In this
case, a necessary and sufficient condition for
the existence of a competitive equilibrium is
that matching for transaction in the corre-
sponding market is socially optimal. By the
socially optimal matching for transaction, I
mean that the matching for transaction yields
the maximum of the social surplus in the
market. The existence of the socially optimal
matching for transaction is characterized by
the existence of an integral solution for a cer-
tain linear program introduced by Quint
(1991b). Unfortunately, it is known that there
does not necessarily exist an integral solution
for the Quint’s linear program. These results
have the following economic implications:
First, in assignment markets with middlemen,

the law of one price holds. Next, there does

not necessarily exist a competitive equilibrium
with transaction via modern (resp. classical)
middlemen even if the transaction costs of
each seller and each buyer are sufficiently
higher (resp. lower) than the matching cost of
each modern middleman. These implications
are not derived from the results in Shapley
and Shubik (1972).

The rest of this paper is organized as fol-
lows. I will introduce the assignment market
model with the two types of middlemen and
with cost structure in Section 2. Section 3 re-
ports the main results of the core and com-
petitive equilibria by using the three-sided
assignment game. I will close this paper with

concluding remarks in Section 4.

2 The model of a market with middlemen

First, I will introduce a model of a market
with middlemen. This model is a generaliza-
tion of the model proposed by Oishi and
Sakaue (2009)

Let N,={isis....i,}and N;={k,k;,....k,} be
the set of sellers and the set of buyers, re-
spectively. I define the set of modern middle-
men as J”={;7, j5 .../}, and the set of
classical middlemen as J={, j5 ..., j¢ }. Let
N, be the set of all middlemen, namely N, =
J" U J¢ and |N;| = n, = n, + n.. Note that n,,
N, n., n; € N. The set of all agents is defined
as N=N; UN,UN;

There are n; kinds of indivisible goods, and
they are exchanged for money. Each seller i
€ N; owns only one unit of indivisible goods
initially, namely w; = 1. Each middleman and
each buyer own no unit of goods initially. Let
us denote the demand and the supply of this

market as follows.

Sellers’ side : Each seller i takes one of the



following three actions: (i): she sells one unit
of her goods to a middleman in J”;(ii): she
sells it to a buyer via a middleman in J<
with her transaction cost” ¢; > 0; (iii): she
consumes her goods by herself.

Let x; be the consumption of seller i, namely
x; e {0, 1}.

Middlemen’s side : Each middleman j in N,
wants to sell at most one unit of goods to
only a buyer. For this purpose, each middle-
man purchases at most one unit of goods
from only a seller. Let the matching cost” of
cach middleman j € N, be given by ¢» = 0
for each j” e J”" and ¢ = 0 for each jce J-
Note that each classical middleman does not
incur matching cost since he does not match
a seller and a buyer. Let x; be the supply of
seller i to middleman j € N>, namely x; € {0,
1}. 1 assume that each middleman j € N, con-
sumes no unit of goods which he purchases
from the seller.

Buyers’ side : Each buyer & takes one of the
following two actions in order to consume at
most one unit of goods: (i): she purchases at
most one unit of goods from only a middle-
man in J";(ii): she purchases at most one
unit of goods from a seller via a middleman
in J¢ with her transaction cost® 2 0. Let xj
be the consumption of buyer k, namely x; e
{0, 1}. In the case of x; = 1, buyer k de-
mands one unit of goods which middleman j
€ N, purchases from seller i. Moreover, let X
be the supply of middleman j € N>, namely x;
€ {0, 1}. In the case of X = 1, middleman
j € N, supplies to buyer £ one unit of goods
which the middleman purchases from seller i.

Al, A2, and A3 give the set of feasible allo-
cations of sellers, middlemen and buyers, re-
spectively.

Al : For all ie Ny, X; = {(,Gpen) €
Zm e+ Yjemx;=w; = 1}.

A2 : For all j € Noy X; = {Gn) iew, sen, €
21" Eien; Xrens X < 1}

A3 : For all keN; X, = {G) ien, jens €
ZY" BN Zjen X < 1}.

Each seller and each buyer have utility
functions on consumption. Any utility is
measured in terms of money. These functions
of each seller and each buyer are given by U; :
Z+—R for all ie N, and U, : Z!" — R for
all k € N;, respectively. The utility functions U;
(+) and Uj (*) are non-decreasing. Assume U,
(0)=0 and U, (0)=0, where 0 Z}"™ .

Each middleman ;j in N: purchases at most
one unit of goods at a price p; € R+ from
seller i. Also, middleman j in N, sells at most
one unit of i’s initial goods at a price g; € R,
to buyer k. Let two distinct price lists be
given by p = (pij) €N}, JEN; € e
respectively.

and g = (g;)
IEN}, JEN,, kEN; € s

Let the mapping 1,, : N, — {0, 1} be given
by (1):jeJ” 1, and (2) : j € J° > 0. Simi-
larly, let the mapping 1. : N, = {0, 1} be given
by (1) : jeJ 1, and 2): jeJ" 0.

Then, utility outcomes of all agents are
given by the followings.

* For all i e N;, U;(x)+Zjen,pyX;—c;(Zjen;
Xl ()).

* For all jeN,,
= X ienpy (X ken; Xi) + 2 ien; X ken; @i Xjp—
Yieni ¢ (Zrens Xyl (5)).

« For all k€ N;,
U ( (xijk) iEN,,jENg) = X ieN; X jeN: @i Xk~

Yien, Zjens cpxiple ().

It would not be necessary to explain the
meaning of utility outcomes of each seller and
each buyer, respectively. Here, the meaning of
the utility outcome of each middleman will be
given as follows: This utility outcome consists



of three components. The first component is
the total cost in his purchasing goods from a
seller. The second component is the revenue
in his selling goods to a buyer. The third
component is matching costs, if he is a mod-
ern middleman. If he is a classical middle-
man, the third component is nothing.

Next, A4 and AS give the market-clearing
conditions as follows.

A4 :For all (i, j) € N;XNy, Zkens X = Xij.

AS : For all (i, j, k) € NyXN,X N3, X = Xijr.

A tuple (p, g, %) = ((py) e, jenn (@) e,
jenakenss (O ieny (i) ien,, jens keny) ) € RY™ X
JRAS X I s called a competitive equi-
librium if (p, g, x) satisfies

(D: for all i € N, U; (x) + max ey, (p;—cil.

(j)) (w;=x1) = max, G en)€ X [U; () + ZjENz

(py — el (N)Fy],

(ID: for all j € N>, Xien, { kens g xip— (py

+¢1,, (D)) (Zkensx )t = maxGwicnien, €

[Zienv A Zkems g X~ (pytel, () (Zkens

X H,

(IID: for all k € N3, U (G s, jens)—

X ien; 2 jen: (el () +qim) Xije = max G sex,en,

exi LU (G ses, jeny) = Ziens Zjens (el () +

gi) Xl , and

(IV): for all i€ N;, x; +Xjen: ZrensXy =

w;(=1).

Note that (IV) is equivalent to Al through
AS. This means the equilibrium conditions for
all goods.

A competitive equilibrium price is a pair ( p,
@) if there exists a competitive equilibrium
(p, ¢, x). If there exists a competitive equi-
librium (p, ¢, x), then a competitive outcome
(u, v, w) e R s given by the followings.
- For all ie N, u; = U;(x;) + max ey, (p;—

cl.(j)) (w—x).

* For all j € N, v; =X ien, { kens g X~ (pyt

e, () (Zrensxz) ).

* For all ke N;, wi=U () sen, jen,) — Zien,

X jen: (e () +qin) Xijee

3 The core and competitive equilibria

Let [N| = n and let 7t be the subset of 2
givenby w = {{i}:ieN} U {{i j, B:ieN,
j €N, ke N;}. Note that 7t stands for the
matching structure among the agents in the
three-sided assignment market. Let SC N be a
coalition. A 7 -partition of S, 0s is defined
as any partition of S into 7. Let Ps be the
class of all 7-partitions of S.

Let a=(ap)rer e R be the vector
satisfying (1): ay = U;(w;) for all i e N; and
ay =ayw =0 for all jeN, and all ke N,
and (2):ay;, ; » = Up(e") —c1.(j) —¢1,,(j) —c4l.
(j) for all(i, j, k) € N;XN,XN;, where &’ is
the n;n,-dimensional vector such that eﬁij’: =1
and el = 0 for all(i’, ;) € N;XN, with(i!, j")
# (i, j) . Note that U, (e”) stands for the utility
outcome of buyer k if she consumes seller i’s
goods via middleman j € N,. The meaning of
ay, ;i is the social surplus yielded by transaction
in which buyer £ consumes seller i’s good via
middleman j € N,. For the sake of simplicity, I
assume that ay;; » is non-negative for all G, j,
k) € N;XN,XN;.

Following Kaneko and Wooders (1982), 1
can give the three-sided assignment game as
(N, V), where

V(S) =max Y. ar for nonempty S S N with ¥ (0) =0,

psE PSTE 0s

and the core of (N, V) as the set of utility
vectors (u, v, w) € R” satisfying (1) : X ienu+
Y jenv; + Zkensw =V (N), and (2) :for all T e 7,
Yievmnrui+Zjennry; + Trensnrwy 2 V(D).
V(S) means

transaction among the members in S. In the

the social surplus yielded by

definition of the core, condition(1) is the ef-
ficiency condition, and condition(2) is the
stability conditions.

Lemma 1 Each competitive outcome belongs
to the core of (N, V).



Proof. Let (i, v, w)be a competitive outcome.
Then, there exists a competitive equilibrium
(p, ¢, x) which attains (z, v, W) .

Let S be a subset in N. Let 05 be a 7 -partit-
ion which attains V(S). Let z = ((z) jcn,s (Zijk)
ieN,, jens kens ) be the vector in Z73 ™™ satisfy-
ing

(): z;=1if {i} € 05 such that ie N,

(ii): zz;=01if {i} ¢ o¢ such thatie N, N S,

Gii): z; = 1 if ie N\ S,

(iv): zy =1if{i, j, K} € 05 such that G, j, k)
€ N; X N, X N; ; and

(V): zjz = 0 otherwise.

Step 1: Let z; = x;, zj = Xy = Xy and Zken; z
= X;. Then I will prove that z satisfies Al
through A3, namely the followings.

zi+ Y, Y zik=1 for all ie N1 N S. (D
JEN2 kEN3
> Y zik<1 for all je N2 S. 2
iEN] kEN3
> Yzik<1 for all ke N3 N S. 3)
iEN] JEN:

First, formula (1) will be shown as follows:

Case 1: Suppose {1} € 05 such that 7 € N,.
By (i) and (v), z; = 1 and z;3 = 0 for all
(j, k) € Ny X Nj. Then, z; + Zjen, Zken:Z i =
1.

Case 2: Suppose {7} ¢ 0§ such that 7 € N;,NS.
This implies that there exists a pair (j, k) € N,
X N3 such that{7, j, k} € 0§ . By (iv) and (v),
z7j5 =landz;y = 0 forall (j, k) € Ny X N;
with (j, k) # (j, k). Also, by (i), z; = 0.
Then, z;+ X jen; X kens z 1, = 1. This completes
the proof of formula (1).

Next, formula (2) will be shown as follows:

Case 1: Suppose{j} € p§ suchthat j e N..

By V), zjj = 0 for all (i, k) e N; X N

Then, Xien; Xkensz = 0.

Case 2: Supposeli’, j' k% € ps such that (7'
j4 k') e Ny X Ny X N;. By (iv) and (V), zijy =
1 and z;4=0 for all (i k) € N; X N; with (j,
k) # (", k). Then, Xien, Xkenszyq = 1. This
completes the proof of formula (2).

The proof of formula (3) is the same man-
ner as the proof of formula (2).

Step 2: 1 will prove that

Dbt D v+ Y w2V (S) for all SCSN.

IESNON;  JESNN2 kESNN3

By calculation,

Eﬁi+ZQf+ZWk

IESNNI  JESNN2  kESNN3

> Z (U @)+ Z Z (1311 —Cilc(j))Zy‘k]

iESNNI JESNN2 k&€ SNN3

+ 2 L2 A X quzie = (put cln (7)) (X zi) }]

JESNN2 iESNNI kESNIN3 keSNN3

+ 2 [UGiiemsen) =25 25 (ede(f) + i) zin]

kESNN3 IESNNI JESNN2

= 2 Ui(z) +Z [Uk i) ien, jen) — Z Z cile( )z

IESNNI kESNN3 iIESNNI jJESNN2

—Z Z lem(j)Zij —Z Z cile (j)Zijk]

iESNNI jESNN2 IESNNI JESNN2

=D au+ ), ayw =V(E©).

JEO% {ij k€%

Note that the inequality holds because of
Step 1 and the definition of the competitive
equilibrium, and the second equality holds be-
cause of the definition of z.

Step 3: Since (u, v, w) is the competitive out-
come, Yienu;+ Xjenv;+ Zkenwi=V©N).
This completes the proof of Lemma 1. m

Next, consider a partitioning linear program
proposed by Quint (1991b). Let y =(y7) rex
€ R"™™™™ pe a vector of control variables. Let
b= (b);ey € R" be a vector of control vari-
ables of a dual problem. The primal problem
(P) for the partitioning linear program is



defined as
(P) : max Y, awr
ODrex 7€
s.t. Z yr=1 for all ie N
remr, Iai

yr=0 for all Ter.

The dual problem of (P) is defined as
(D) : min Y. bi

(bdieN jen

S.t. Z bi=ar for all Te .

ieT

The following theorem is proved by Quint

(1991b).
Quint's Theorem (i): If (P) solves integrally
(i.e. with all 0’s and 1’s), the core of the
game (N, V) is nonempty and it coincides
with the set of optimal solutions to (D); and
(ii): if (P) does not solve integrally, the core
of (N, V) is empty.

The potential market value is referred to as
max X rexapy for yre 77! satisfying the
constraints in (P). This terminology follows
from Yang (2003). The potential market
value is the maximum of the social surplus
yielded by market transaction in N. When the
partitioning linear program (P) has an inte-
gral solution with its value equal to the po-
tential market value, I say that matching for
transaction in the market is socially optimal.
This is because matching for transaction ex-
pressed by the integral solution attains the po-
tential market value. Quint’s theorem states
that socially optimal matching for transaction
is a necessary and sufficient condition for
non-emptiness of the core of the three-sided
assignment game.

If there exists at least one integral solution
y* for (P), let y be the vector in ZZ """
such that 3, =y} for all i € N, and yy =
Y, for all {ij, kb e 7. Let Y ¢z
be the set of all y. Let D be the set of solu-
tions of (D).

Let C* be given by the set of utility vectors

(u, v, w) e R" satisfying
(1): the 7t-partition efficiency conditions : for
each y in Y,
uitvitwi=ayg ;g if yp = 1;
ui=ay if y; = 1;
(2): the stability conditions:
wtvi+tw =2 ag,n if i j, ke m;
w; 2 ag if i€ Ny,
viZap; = 0if jeNs;
wi2aqy =0 if ke N,

Next, I will state Lemmas 2 and 3. They
are useful for the proof of Lemma 4. The
proof of Lemmas 2 and 3 is the same manner
as the proof of Lemmas 2 and 3 in Oishi and
Sakaue (2009).

Lemma 2 The core of (N, V) is a subset of C*.

Proof. Before beginning the proof, I shall
give the complementary slackness condition
(Dantzig, 1963, pp.135-136): Let y be a vec-
tor which satisfies the constraints of (P). Let
b be a vector which satisfies the constraints
of (D). Then y is a solution of (P) and b is
a solution of (D) if and only if X reryy
(X ierb;—ap) =0. Using the complementary
slackness condition, I will show this lemma
as follows : Suppose that the core is nonempty.
There exists a y in Y, which is derived from
an integral solution y* for (P). Moreover, D
coincides with the core of the game (W, V).
Choose any (' v, w") €D and fix it. It is
sufficient to prove that (u’, v/, w’) satisfies (i):
aijn if yp =1 and GD): u; =
ag if y; = 1. By the complementary slackness

u'HviAwh =

condition, u'+vitwh=ay;» if yu =1 and u’;
=ay if y; =1, which completes the proof. m

Lemma 3 Let yc Y. Fix any j€ N, and any
kENg.



If yi = 0 for all (i, k) € N; X N3,
then v; = 0;
if yipr = 0 for all (', j) € N, X N,
then w; = 0.

Proof. Let J = {jeN, : y = 0 for all ic
N, and all keN;} and K = {keN; : Vi =
0 for all ie N, and all j e N,}. Since (u, v
w)e C*, v; = 0 for all jeJ and w, > 0 for
all k e K. By Quint’s theorem and Lemma 2

in the present study,

2‘7]+ Zwk:ov

JjEJS kEK

which implies v, = 0 for all j e J and wy =0
for all ke K. m

Before Lemma 4, 1 will introduce the pre-
mium of each middleman. Let a/,”" = U, (e!")
- Uy (e¥) for all (ik) € N; X N3 and all (jm,
jO) €J" X JS When al” > 0, a’’ may be
regarded as the premium of a modern mid-
dleman. When Oz‘f,:'j "< 0, on the other hand,
- )’ may be regarded as the premium of a
classical middleman.

Lemma 4 (i): Let o/’ +ci+¢ > ¢jm for all
(i,k) € N;XN;z and all (jm, jo) € J"XJS and n,,
> minfn, n3}. The core of (N, V) belongs
to the set of competitive outcomes of the mar-
ket with transaction via modern middlemen.
(ii): Let aly” +ci+c, < cm for all G, k) €
N;X N3 and all (j'", jO) e J"XJ and n. =
min{n;, n3}. The core of (N, V) belongs to
the set of competitive outcomes of the market

with transaction via classical middlemen.

Proof. 1 will prove (i) in this lemma. The
proof of (ii) is the same manner as the proof
of (i), hence it will be omitted. The state-
ment in (i) is equivalent to the followings:
Fix an arbitrary pair (i, k) € N; X N;. Let a
igmy 2 ayen for all (jm jo) € J"XJS and

10

n, = minin, n3}. Then, the core of (N, V)
belongs to the set of competitive outcomes of
the market with transaction via modern mid-
dlemen.

Suppose that the core of (N, V) is nonempty.
Then, Y is nonempty. Lety € {0, 1} be a
vector in Y. Choose any (u, v, w) in the core
of (N, V).

Consider a price list (p, ¢) satisfying p;m
=u; for all G, jm) € N; X J", pye=u; +¢; for
all GG, j)eN; X JS gy =
all G, jm, k) e Ny X J" X N; and @jep = u; +
vie + ¢ for all G, jo k) e Ny X J° X Ni 1
will prove that (p, ¢, ») is a competitive

ili + ;)j'” + Cjm for

equilibrium yielding (u, v, w). Let y; = x],
Vi = X = X and Zken;yy = Xj;. The last
two formulas follow from A4 and AS.

Step 1: ((x7) jen,, (55) jen, jen,) satisfies Al,
()Nc;;k)iENI,jGN_y,kENJ satisfies A2 and (x;k)iENIJENz,
wen; satisfies A3, respectively. The proof will
be omitted since it is a matter of calculation.
Hence, condition (IV) is satisfied.

Step 2: I will show that for all ie N; (x},
(X} ),en,) is a maximal solution of (I), for
all jeN, ()?;k );e;\/,,k.g;\(g is a maximal solution
of (I, and for all k€ N5 (xj3)en,jen, is a
maximal solution of (III), respectively.

Substep 2.1: Fix an arbitrary seller i € N,.
The seller i can obtain ay; by consuming her
own goods, or she can obtain p;» or py—c; by
selling her own goods to a middleman in N,.

Case 1: Consider that x; =1 and Xj; = 0 for
all j € N,. In this case, ay; = py for all ;™
eJmand ag 2 py — ¢ for all jo € J° must be
satisfied. It can be checked since a(y=u; = pym =
pie ~ Cir

Case 2: Consider that x; = 0 and there ex-
ists a j” € J” such that Xj»=1 and Xj;= 0 for
all j'e N)\{jm}. In this case, it must be satis-
fied that pjm = agy, py» = py for all j"e J”
\{jm and pym= py— ¢ for all je € J. By
Lemma 2, it can be checked since p;» = u;



> ayy, pyn=u; =py for all j"e J"\{;7} and
Din=u; = pye — ¢; for all joe J-

Substep 2.2: Fix an arbitrary middleman ;™
€ J" The middleman j” can obtain g;m = pym —
¢;» by buying one unit of goods from a seller
in N; and selling it to a buyer in N;, or he
obtains 0 by doing nothing.

Case 1: Consider that Xj; = 0 for all i € N,
and all k € N;. In this case, 0 = g;mg = pjim = ¢jm
must be satisfied. It can be checked since 0=
Vim=(@; + Vi) = t; = gymi = pym — cjn. Note that
vim = 0 because of Lemma 3.

Case 2: Consider that there exists a pair (i,
k) € N; X Nj such that Xjm; = 1 and Xjjmp = 0
for all (" k) e N, X N; with (i" k) + (i, k).
In this case, it must be satisfied that g;m; —
Dijn = Cim 2 Qigmr — piym — ¢ for all i'e N\ {i}
and all k'€ N;\ {k}, and gymg — pjim— cn2 0. It
can be checked since g;mg = pym = ¢jn=(u; + vjm)
— Uy = V=t V) ~ Uy = G = pigm = Cm
Also, by Lemma 2, v;» 2 0.

Substep 2.3: Fix an arbitrary middleman j¢
€ J¢ The middleman j¢ always obtains 0. By
Lemma 3 and the assumption of (i) in Lemma
4, v;e=0 for all j € J Therefore, g;er = pye=
ve=0 for all (i, k) € N; X N;. This means that
the middleman j¢ always obtains 0.

Substep 2.4: Fix an arbitrary buyer k € Nj.
The buyer k can obtain Ui(e/") — gym; or Uy
(€i) = gyex — ¢ by buying one unit of goods
of a seller in N; from a middleman in N,, or
she obtains 0 by consuming nothing. Since xj,
= yjer = 0 for all G, j5, k) € N, X J*X N;, 1
will consider the following two cases.

Case 1: Consider that xj; =0 for all i e N,
and all j € N,. In this case, it must be satisfied
that 0 > U, (ei™) —g;m; and 0 = Uy (e) = gjer—
c. 1 can check it since 0 =wy = ay jmy— @+
vim) = Ui (el™) = cjn = (qym—cm = Uy (€i") = qmy.
Note that w; =0 by Lemma 3, and wy = ag; n g
= (u;+vm) by Lemma 2. Similarly, 0 = wy

2 ay jern T (u; + \?/c): U, (ei) = ¢; = ¢ — (ég,'ck -

A

) = Up(el*) = qya = ¢

Case 2: Consider that there exists a pair (i,
J™ € N; X J" such that xjm = 1 and xj; = 0
for all (i',j')e N; X N, with (i, j)#(,j"). In
this case, it must be satisfied that U, (ei") -
gy = Up(€7) = gy for all (", j") € Ny X
Jm owith G", j7) # G, jm), Up(ei™) = qgmp = Uy
(e"i") = qym — ¢ for all (", j™) € NyX J¢
and Ui(ef") — qym; = 0. By Lemma 2, it can
be checked since Uy (i) = gym = ay; jm g+ ¢jm—
Gipmic =+ vt wo) = @i+ vm) =wye 2 ag jn g~
(@0 +v;) =Up(e"") =¢jp= (qiym—c) = Uy (e") -
Girires Ui (€)= qump = Wi 2 @y jor g = (yort V) =
Ui (1) =cim—ci= (qpmpm—cim) = Uy (&) =qmm—
¢ and Ui (e™) = gym = w; 2 0.

Therefore, ( p, ¢, ) is a competitive equilib-
rium of the market with transaction via mod-
ern middlemen, and the competitive outcome

at (0, ¢,y) is (u,v,w). m

Next, I will state the main result. Theorem
1 shows that the law of one price holds in
the assignment market with transaction via
modern (resp. classical) middlemen when (i):
the sum of the transaction costs of each seller
and each buyer is relatively higher (resp.
lower) than the matching cost of each modern
middleman, and (ii): the number of modern
(resp. classical) middlemen is not less than
the number of potential assignments of goods.

Theorem 1 (i): Let a}” + ¢; + ¢, = ¢ for
all G, k) € Ny X N3 and all (jm, jo) eJ" X J,
and n,, = min{n; ns}. Then, the core of (N,
V) coincides with the set of competitive out-
comes of the three-sided assignment market
with transaction via modern middlemen. (ii) :
Let a"+ c;+ ¢ < cm forall (i, k) € Ny X Nj
and all (jm, j¢) e J" X J¢, and n. > min{n;, ns}.
Then, the core of (N, V) coincides with the
set of competitive outcomes of the three-sided
transaction via

assignment market with

11



classical middlemen.

Proof. Immediate from Lemma 1 and Lemma
4. m

The following example shows that a com-
petitive equilibrium with transaction via (clas-
sical) middlemen does not necessarily exist
even if the assumption of Theorem 1 is satis-
fied, that is, &)’ + ci+c; < ¢ for all (G, k)
e N; X N3 and all (jm jo)eJ™ X J° and n,

Z min {I’Z], 1’13} .

Example 1 Let N, =1{i;, i}, N; ={k;, k;} and
N, =JmU J where J" = {j7} and J°={,
Js }. Let the utility functions and the costs of
all agents be given by

@: U,(w;)=U,(0,)=0;

(if) : Uy, (ei2i2 ) =U,, (eitiz ) =Uy, (ei2it ) =

U, (eiz) =1;
(i) : Uy (e?) =0 otherwise ; and

(iv):ci)=ci,=cr,=cr,=cjm =0.

=cC

jf = G

J2

The core of (N, V) associated with this
market is empty (See Quint(1991a)). By
Theorem 1 (ii), there exists no competitive

equilibrium.

By Quint’s theorem and Theorem 1 in the
present study, the following result will be ob-
tained.

Corollary 1 (): Let o}’ + c;+ ¢, = ¢jm for
all G, k) e N, X N5 and all (jm j) eJ" X
J¢ and n, > minin; n;}. Then, there exists
a competitive equilibrium of the three-sided
assignment market with transaction via mod-
ern middlemen if and only if matching for
transaction in the corresponding market is so-
cially optimal. (ii): Let &}’ + ci+c; < ¢m
for all (i, k) € N; X N; and all (jm j) €J"

X J% and n, > min {n,, n;}. Then, there

12

exists a competitive equilibrium of the three-
sided assignment market with transaction via
classical middlemen if and only if matching
for transaction in the corresponding market is

socially optimal.

This corollary implies that there does not
necessarily exist a competitive equilibrium
with transaction via modern (resp. classical)
middlemen even if the transaction costs of
each seller and each buyer are sufficiently
higher (resp. lower) than the matching cost

of each modern middleman.

Next, the following example shows that a
competitive outcome of each (modern) mid-
dleman is not necessarily zero if the assump-
tion of Corollary 1 is satisfied, that is, a}’
+citop 2 ¢m for all (i, k) € N; X N; and all
(jm jo) e Jn X J¢ and n, = min{n, nst.

Example 2 Let N, = {i, i}, N; = {k;, Kk}
and N, = J" U J where J" = {];”, j;"} and
Jo=Aji, j5}. Let the utility functions of all
agents be given by
@) :U;, (w;)=U,(w;,)=0; i) :Uy, (elriT)=6;
(iii) : Uy, (€27 ) =8 ; and (iv) : Up(ei) =1
otherwise.
Let the costs of all agents be given by
@: ci,=c,=1/2; (i) : ¢m =cn =1,
(i) : ¢e =¢e =05 and @) : e, =, =172,

There exists only one integral solution for
(P) associated with the above market, then
there exists y € Y ¢ 7' such that y;, i, = Vo7 i,
=1 and all other components of y are 0. I
have that

@: V) = 12;

G): V() =5 if li, j7', kit € ps and

if {io, j5, k¢ os;

Gi): V(S =7 if {in, j7, kot € os and

if i, T, kit ¢ os;and



(v): V() =0
The core of (N, V) is given by the set of
(u, v, w)=(u)ien, ;) jen, Wi ren,) such
that ():u; 2 0 for all ie N, v, 2 0 for all
jeN, and wy = 0 for all ke Ny;Gi): u;, +

vim+t Wi, =55 and (i) : w,+ v+ owg, = 7.

otherwise.

Let (u, v, w) be an element of the core of
(N, V) such that u;, =2, u;,=3, vp=

Vie=vs= 0, wy, = 2 and wy,= 3. By Theorem

ij"‘: 1,

1), (w, v, W) is a competitive outcome of the
market (N1, N2, N3) at competitive equilibrium
price (p, @) such that
@ -ﬁi1j,m :ﬁiu'zm =2 ﬁi_?j}m :}A)izjgm =3, ﬁizjf =
Pijs= 5/2; Pij=pis= 112
and
(i) ‘.éilj’;l ki = éldj’; ki = ‘}ile k™ ‘}ilj}" p=4;
21!'2/"1” ki = éfzj’;lw = éizj'," k2™ éizj'_? R=5;
‘}iu}“ ki = éliu'; ki = ‘Aliu'f k2™ &iuf k2™ 512

qiz]’“ ki = qizjc k1 = qizjc k= Qizj“ k= 7/2
1 2 1 2

4 Conclusion

In this paper, I have proved that the core
coincides with the set of competitive equilib-
rium allocations in an assignment market with
middlemen. Using this core equivalence theo-
rem, I have characterized a sufficient condi-
tion for the existence of a competitive
equilibrium in this market. Intuitively speak-
ing, this condition is based on the two fac-
tors: (a): free entry of middlemen; (b):

socially optimal matching for transaction.
From my observation in the present study
(see Example 1), it follows that there may be
no competitive equilibrium if a three-sided as-
signment market has only factor (a) without
factor (b). This theoretical finding leads to
the following economic implication: In order
to design healthy markets with middlemen,
free-entry market policy is insufficient, and
market policy toward

socially  optimal

matching is essential for a free-entry situation
of middlemen.

Since it is known that the existence of a
solution of an integer program is directly rele-
vant to discrete convex analysis (e.g., Murota,
2003), the existence problem of a competitive
equilibrium in the present market model may
be resolved by some techniques in discrete
convex analysis. Therefore, whether or not the
sufficient condition can be characterized from
a viewpoint of discrete convex analysis may
deserve investigation, which I leave to the fu-
ture research.

(Received : June 5, 2012, Accepted : July 25, 2012)

Notes

1. There can be found the literature pointing
the importance of transaction costs in com-
petitive market models, e.g., Ostroy and
Starr (1990).

2. This assumption is different from the un-
derlying assumption of search theoretic
models.

3. In Oishi and Sakaue (2009), only a mod-
ern type of middlemen is incorporated into
the assignment market model in Shapley
and Shubik (1972). In the present study,
on the other hand, both modern middle-
men and classical middlemen, and their
cost structure are incorporated into the
Shapley and Shubik’s model.

4. In the case of the Maghribi traders, for ex-
ample, ¢; means transportation costs which
seller 7 incurs to perform transaction of
the good w; between a buyer and herself.

5. The matching cost of a real estate broker
in housing markets may be regarded as
the cost of his repairing a house based on
a buyer’s request.

6. In the case of the Maghribi traders, ¢
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means measuring costs which buyer £ in- Job matching coalition formation and
curs to identify quality of the good w; for

herself.

gross substitutes. Econometrica, Volume
50, Issue 6, 1483-1504.

[11]

McMillan, J., 2002. Reinventing the Ba-
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